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3 Polynomials

3.1 What are polynomials?

We begin with the definition of a polynomial in the context of this class, and some of
the language used when dealing with polynomials.

Definition 3.1: Polynomial

A polynomial is an expression of the form
™ + G 12" L+ - 4 a1z + ag.

Here the variable is x and the coefficients are the a;. The exponent of any term
in a polynomial must be a nonnegative integer. (We could say positive integer,
but 0 can be an exponent.)

The degree of a polynomial is n, the largest exponent. The leading coefficient,
some times abbreviated L.C,, is a,, the coefficient of the term with the largest
exponent. The constant term is aq. The leading term is a,,x"; the leading term is
the full highest degree term.

Do not let the fancy definition confuse you. Let’s look at some examples.

Example 3.2: A Quadratic Polynomial: asz? + a;x + ag.

Let’s look at a familiar example: quadratic polynomials. A quadratic polynomial
is a polynomial with degree 2. You may have seen the general form written as
ax? + bx + ¢, this is fine.

Here are some examples of quadratic polynomials.

e 202 4+ 4x + 1. The L.C. is 2, the degree is 2, the constant term is 1 and the
leading term is 222,

« 22—1. The L.C.is 1, the degree is 2. Notice, one can say that the coefficient
of 2 is 0, and you can instead write this polynomial as 2* +0x — 1. This line
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of thinking will come in handy when we discuss polynomial long division.
The constant term is —1 and the leading term is z2.

Other examples of polynomials:
|
e 457190 4 223 — 9822 — 786
s —z+1
«5

Notice that lines are polynomial functions, and further, a number itself is a poly-
nomial. For example, the number 5 can be written as 529, that is, any number
by itself is a polynomial of degree 0.

We must be careful, however. Here are some examples of expressions which are
not polynomials.

1
r—1

N |

e 234322 —6x+8

e 2?2 —2%3+5

A polynomial can also be written in factored form. We will see this a bit later when
we talk about zeros, or roots. For now, let us see some examples of polynomials in
factored form, and how we can get information from them.

Example 3.3: Polynomial in Factored Form.

Consider the polynomial
1
—2x (2x + 1> (x —2)(z + 3).

Given a polynomial in this form, we want to be able to know certain properties.
Here we will focus on the leading term. In order to find the leading term of
a polynomial in factored form, we multiply the highest term in each factor. Do
not fall for the trap; there is a factor —2x, which you could write as (—2z + 0)
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to not confuse you. So the leading term is:

2 1 .
—2r--r-r-x=-—T.
2

By finding the leading term like this, we will easily be able to find the leading
coefficient and degree of a polynomial.
It is not always so trivial, however. Suppose instead we have

—2z <;x + 1>2 (x —2)(3z + 1),

We must be careful in finding the leading term, as now some of our factors have
exponents. However, this polynomial can be rewritten into something we know
how to handle:

— 2:70(;1" + 1)2(95 -2)(3z +1)°
- 21'(;:1; = 1) (;T + 1) (x —2)3x+ 1)(3z + 1)(3z + 1)

The leading term of the new polynomial is then

1 1 1\? 2 3.3
—21":I;~:IJ~J}'3.T‘3$‘3$:—2£I}'<> -z -3z
2 2 2
1
:—213'1Q32‘$'275L’3
27 .
=57

So, to get the terms we need to multiply, we take the highest degree term in
each factor and raise it to the exponent of the factor. Then, multiply all
the terms. Let’s look at one final example.

Consider the polynomial

3z*(2z + 1)3(z + 5)°.
To find the leading term, we multiply

32?2 - (27)% - 2? = 32% - 82° - ?

= 242°
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With that, we will move on to polynomial functions.

3.2 Polynomial Functions - Roots and End Behavior

By now we should be familiar with polynomial functions and how to graph them, such
as lines (polynomials of degree 1) and quadratics (polynomials of degree 2). Further, in
the case of quadratic functions, we should know how to factor them into linear factors.
For example, f(z) = 22 +4z+4 = (v +2)(z+2), and g(z) = 322+ 132+ 10 = (3z +
10)(z + 1). The first can be factored by finding two numbers which add and multiply
to 4, while the second requires the use heavier machinery (either the ac method, or
quadratic formula, for example.)

The goal of this section is to be able to sketch a graph of a given polynomial in
factored form.

Definition 3.4: Zeros or Roots

A zero or root of a polynomial is a number « so that the polynomial evaluated
at « is 0. The multiplicity of a root is the exponent of the factor (x — «) in the
factored form of the polynomial.

Another seemingly terrifying definition, but something we can work through with
some examples. We will see later how this comes together visually. For example, the
roots or zeroes are the x-intercepts of polynomial functions.

Example 3.5: Roots and Multiplicities

Let f(x) = x® + 42 + 4. We mentioned earlier that this polynomial factors
into (z + 2)(z + 2), or (z + 2)%. So we can rewrite f(z) = (z + 2)®. Note
that f(z) = (z + 2)*> = 0 if and only if z = —2. That is, —2 is a root of f.
The multiplicity of —2 is 2, since the exponent of (z — (—2)) = (z + 2) in the
factored form of f is 2.

Let g(z) = 23 + 62 + 8z. This is a polynomial of degree 3, but it is still one we
can factor.

g(z) = 2° + 62 + 8x
= z(2* + 62 + 8)
=z(z+2)(x +4)

So g(x) = z(x + 2)(z + 4). To find the roots, we set z(x + 2)(x + 4) = 0, and
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the left hand side can only be 0 if and only if one of the three factors is 0. We
can make the table:

Factor | Root | Multiplicity

T 0 1
T+ 2 -2 1
r+4 —4 1

Here x is a factor (can be written as (z — 0)), and each root has multiplicity 1.
Some times a polynomial comes in factored form. For example, consider the
following polynomial:

h(z) = —22*(z + 1)*(z — 2)(z + 5)3.

One may ask what the degree of this polynomial is. To find the degree, we simply
add the exponent of each factor (or the multiplicities of all the roots.)

Factor | Root | Multiplicity
(x—=0)*] 0 4
(z+1)*] —1 2

) % 1
(x+5)3°| -5 3

The degree of h(z) is4 + 2+ 1+ 3 = 10.

A harder example is the following: Find all 2 and y intercepts of the function
f(x) = 23 + 52* — 4z — 20. This requires some creativity and experience. To
find the x-intercepts, we must factor:

13 + 52% — 4z — 20 = (23 + 52%) + (—4x — 20)
= 2%(z + 5) — 4(x + 5)
= (22 — 4)(z +5)
= (z — 2)(z + 2)(z + 5)

Since the degree of this polynomial is 3, we cannot rely on our methods for
factoring quadratics (ac-method, quadratic formula, etc.) Instead, we notice that
we can conveniently group two portions of the polynomial, and factoring from
those portions leads to a nice result. The quadratic factor 2 — 4 can be factored
by methods we already know. We can now find the roots by setting each factor
equal to 0, giving us x = —2,2, —5, each with multiplicity 1. For the y-intercept,
we evaluate f(0) (the y-axis has x = 0.) So f(0) = (0)® + 5(0)* — 4(0) — 20 =
—20. So the y-intercept is (0, —20).
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The multiplicity of a root « tells us how the function behaves around the x — azis,
at x = a. Simply put,

1. If a root o has even multiplicity, the function bounces on the x-axis (does not
Cross.)

2. If a root o has odd multiplicity, the function crosses the z-axis.

Example 3.6: Multiplicity

Let f(x) = —(x + 1)?(x — 2)(x + 2). The degree of f is 4, and the roots are

Factor | Root | Multiplicity | Behavior

(x+1)2] -1 2 Bounce
T+ 2 -2 1 Cross
r— 2 2 1 Cross

Sure enough, we can graph the function and examine the roots. We see that
indeed, the function crosses the z-axis at x = —2, bounces at + = —1, then
crosses again at x = 2.

./

Go back to the previous example, and plot the functions (using Desmos, for
example) and see how the function behaves around the roots!
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Roots of polynomials are only one piece of the puzzle. We are often interested in
other characteristics, such as a polynomial’s end behavior. How does the polynomial
behave when x goes toward infinity (gets very large), or negative infinity (very small.)
We will try to understand this concept graphically. Consider the two basic polynomi-
als, f(x) = 2% and g(z) = 23. For f(x) = 2%, as x — —oo (moves far left), f goes up

8 8
6 6
4 4
2 2
-8 —6 -4 -2 2 4 6 8 -8 -6 —4 -2 2 4 6 8
-9 —2
—4 —4
6 —6
_3 -8

Figure 3.1: The functions f(z) = x? (left) and g(x) = 2* (right).

to infinity, and similarly when x — oo, f(x) goes up to infinity as well. Here we say
f rises to the left and rises to the right.

On the other hand, g(x) = x* displays different end behavior; as = becomes really
negative, so does g(x), and when = becomes really positive, so does g(z). We say ¢
falls to the left and rises to the right. Take a look at Figure 3.1.

One last thing to note is the L.C. Recall from your previous knowledge of function
transformations, what happens when the L.C. is negative (reflection about the x-axis.)

We can generalize this behavior; given any polynomial function, we will be able to
tell how the output behaves as the input becomes really negative (x — —o0) or really
positive (xr — o0). This will depend on two things: if the degree is odd or even, and if
the L.C. is positive or negative. We have the following rules:
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Positive L.C. Negative L.C.

N

Even Degree

/N

Odd Degree

Now try going through all of the previous examples and examine their graphs to
understand root behavior and end behavior. Can you fill in the following statement
for each of the previous examples?: the graph to the left and to the right.

3.3 Graphing a Polynomial Function

At this point, we now have all the knowledge we need to sketch the graph of a poly-
nomial. Do the following example. Let f(z) = —(z + 5)*(x — 1)(z + 1)3(z — 4)%
Sketch a graph of f. Be sure to include all z and y intercepts. Remember: to find the
y-intercept we plug in z = 0.
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A
\ 4

3.4 Polynomial Long Division

So far we have been only concerned with multiplying polynomials. What happens
when we divide polynomials? Or, how do we divide polynomials? We've divided poly-
nomials before. For example, we know that

:E—I—l_l
r+1

A step further, we know how to simplify something like (2> +6x +8) <+ (z+4), because
we can write
2+ 648  (v+2)(z+4)

r+4 x+4
Here 22 + 6z + 8 is the dividend and x + 4 is the divisor.

=x+ 2.
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We can learn a procedure to compute a division of polynomials.

Example 3.7: Polynomial Long Division

Divide 2422 + 222 — 202 — 6 by 4z + 3.
Solution. . We first start by setting up the division. We write the dividend and
divisor like so:

Az +3) 242° +22% — 202 — 6

The divisor is written on the outside, and the dividend is written on the inside.
Now we look at the highest term in the dividend and divide it by the highest
term of the divisor. Here, the highest term of 2423 + 222 — 20z — 6 is 242® and
the highest term of 4x + 3 is 4z. Dividing them we obtain 6x2. So we write 62>
on top. In order to stay neat, we can keep it in our minds that there is a column
for each power of z. So, we write the 622 term above the 222 term like so.

622

Ar +3) 2423 +22% — 202 — 6

Now we multiply the divisor, 4z + 3, by 622 and subtract it from the dividend.
So (4z + 3) - 6% = 242> + 18x2. Notice the highest term here is 2423, the same
highest term as the dividend. This is not a coincidence. To subtract the result,
we write — (2423 + 1822) underneath the dividend.

6>
Az +3) 2423 4227 — 200 — 7
— (2423 + 1822)

Notice the 242° term cancels, and 222 — 1822 = —1622. We bring down the
other terms.

622
Az +3) 2423 +22% — 200 — 7
— (2423 + 1822)
—162% — 20z — 7
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Now we repeat the process, with a new dividend —162? — 20x — 7. We keep
repeating the process until the degree of the dividend is lower than the
degree of the divisor. Since the divisor 4x + 3 has degree 1, this means we
stop when the degree of the dividend reaches 0. Continuing on, we compute
%?2 = —4x and repeat.
6z — 4x
Az +3) 2423 +222— 20z —7

— (2423 + 1822)

—1622 — 20z — 7
—(—162% — 12z)
—8xr —7

Since the degree of —8x — 7 is not less than the degree of 4z + 3, we continue.

6x2 —4x — 2
Az +3) 2423 + 222 — 202 —7
— (2423 + 182?)

—162% — 20z — 7
— (=162 — 12x)
—8x — 7
—(—8x — 6)
-1

Now we stop, since the degree of —1 is 0, which is less than 4z + 3. Here,
622 — 4x — 2 is the quotient and —1 is the remainder.

Here is an alternate way to write your work, where the negative sign is dis-
tributed at the subtraction steps and terms are added instead. If this does not
resonate with you, you may disregard it.

6x% —4x —2
Ar+3) 2423 +22% — 202 —7
— 2423 — 1822
— 1622 — 20z
16x2 + 12z
—8x — 7
8z + 6

-1
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The answer is then written in the form

. Remainder
Quotient + ————
Divisor
In this case,
2413 + 222 — 20 — 7 -1
= 6% — 4z — 2 .
4r 4+ 3 * ‘ * 4o 4+ 3

The remainder is not always a polynomial of degree 0. For example, try to work out
(223 + x + 1) =+ (% + 1). You should get a quotient of 22 and a remainder of —z + 1.

224+1) 223 +a+1

So the steps to long division are:

1. Write the dividend underneath and the divisor outside.

2. Divide the highest degree term of the inside by the highest degree term of the

outside.

3. Multiply the result of (2) by the divisor and subtract it from the dividend.

4. If the degree of the dividend is less than or equal to the degree of the divisor,
then continue. Once the degree of the dividend is strictly less than the degree of
the divisor, we stop and have a remainder (could be 0, could be a polynomial.)
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Summary
Chapter 3

List of things you need to know.

« A polynomial is an expression involving a variable, like =, with exponents
that are non-negative integers. For example, 2* + 2 + 1 is a polynomial.

« The degree of a polynomial is the highest exponent. For example, the
degree of z* + z + 1 is 4.

« The leading coefficient (L.C.) is the coefficient of the term with the highest
exponent. For example, the L.C. of 2° + 223 + 1 is 1.

« The leading term is the term with the highest degree. For example, the
leading term of 22 + z + 1 is 223,

— To find the leading term of a polynomial in factored form, multiply
the highest degree term of each factor. For example, the leading term
of 4z%(x — 1)*(2z + 3)% is 42? - z* - (27)? = 162°.

« The constant term is the coefficient of the term z°, usually written as just

a number. For example, the constant term of 2> + 6z + 12 is 12.
« Roots, or zeros of a polynomial are numbers that, when plugged into a
polynomial, give 0. They are the z-intercepts in the graph of a polynomial.

— The multiplicity of a root « is the exponent of the factor (x — ) in
the factored form of the polynomial. If the multiplicity is even, the
function bounces on the z-axis at the root. If the multiplicity is odd,
it crosses.

+ The end behavior of a polynomial is dictated by the degree and L.C. If the
degree is even, then
— Positive L.C. N\, the graph rises to the left and rises to the right.
— Negative L.C. /", the graph falls to the left and falls to the right.
If the degree is odd, then
— Positive L.C. /7, the graph falls to the left and rises to the right.
— Negative L.C. \ \,, the graph rises to the left and falls to the right.

« The domain of any polynomial function is (—00, 00), or all real numbers.

+ Polynomial long division algorithm.
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